Weak values, introduced more than 25 years ago, underwent a metamorphosis from a theoretical curiosity to a powerful resource in photonics for exploring foundations of quantum mechanics, as well as a practical laboratory tool. Due to the tiny coherence volume of particles used in matter-wave optics, a straightforward implementation of weak measurements is not feasible. We have overcome this hurdle by developing a method to weakly measure a massive particle's spin component. A neutron optical approach is realized by utilizing neutron interferometry, where the neutron's spin is coupled weakly to its spatial degree of freedom. Here, we present how one can fully characterize the weak value of the Pauli spin operatorσ z of neutrons by extracting its real and imaginary components, as well as its modulus. The results show good agreement with theoretical predictions and demonstrate that the (spin) weak value is actually accessible for a purely quantum system of massive particles.
I. INTRODUCTION
Introduced already in 1988 by Aharonov, Albert, and Vaidman (AAV) [1] as "a new kind of value for a quantum variable" the weak value has been attracting considerable attention in recent years. The weak value of an observable of a quantum system can be determined via a procedure (referred to as a weak measurement), where some information of the quantum state can be extracted, without projecting the state into eigenstates, by weakly coupling it with a probe system (measurement device). The first experimental realization of the procedure proposed by AAV was performed using an optical setup [2] .
The peculiarity of the weak value on one hand is that its value may lie far outside the range of an observable's eigenvalues and on the other hand that it allows information to be extracted from a quantum system with minimal disturbance. The former has been found to be useful as a technique aimed at amplifying weak signals [3] [4] [5] [6] [7] [8] , while the latter has been applied as a new method for estimation of quantum states [9] [10] [11] [12] [13] [14] [15] (see [16] for a recent review). In addition, the weak value and weak measurement have been successfully applied to quantum paradoxes such as the three-box problem [17] , Hardy's paradox [18] [19] [20] , and the quantum cheshire cat [21, 22] . Measurements of weak values in at least partially nonphotonic experimental setups are extremely recent, involving transmons in superconducting circuits [23] and spontaneous emission of photons from atoms [24] .
While recent debates on whether the weak value is a classical [25] or quantum phenomenon [26] appear to have been discussed theoretically [27, 28] , we emphasize that our paper provides a novel experimental aspect for weak measurements with massive particles. In [29] it is shown that the weak measurements of average trajectories of single photons * sponar@ati.ac.at in a two-slit interferometer [9] represent measurements of the Poynting vector in an optical field. However, a classical interpretation of our experiment is not possible. Unlike the space anisotropy inherent to every pseudospin system such as photon polarization, the spin of the neutron is a purely quantum property and has no correspondence in terms of a classical variable. This manifests, for instance, in the 4π spinor symmetry for fermions.
In the field of matter-wave optics, neutron interferometry [30] has been established as a powerful tool for investigation of fundamental quantum mechanical phenomena [31] [32] [33] [34] . Entanglement between different degrees of freedom (DOF), e.g., the neutron's spin path, has been confirmed [35] [36] [37] [38] [39] [40] , and the contextual nature of quantum mechanics [41, 42] has been demonstrated successfully.
In this paper, we report measurements which fully characterize all aspects of the weak value of the Pauli spin operator σ z , i.e., its real and imaginary part as well as its absolute value. This is achieved by using the path DOF of a single neutron as the measuring device or probe system. Unlike the proposed experiment in [1] , where the probe system is a continuous variable system, we deal with the case where also the probe system consists of a two-level system, as discussed in [43] . Our two-level probe system (measurement device) is formed by the two paths of a triple Laue neutron interferometer, denoted as paths I and II, to which the z component of the neutron's spin is weakly coupled. Properties of the path two-level system, including Bloch-sphere representation, are presented in [38] . From the detected count rates, real and imaginary components of the weak value of the Pauli spin operatorσ z are determined (for simplicityσ z is used rather thanŜ z = 2σ z ). Our experiment illuminates a peculiarity of the weak value, namely, that it is a complex number in general, as well as the fact that it can become larger than the eigenvalues of the measured observable. (i) preselection (green); using a polarizer (initial polarization is along +z direction) and a π/2 spin rotator the initial state |ψ i = |S x ; + is prepared. (ii) Weak interaction (blue); in case (a) after the beam splitting a weak spin rotation by ±α is applied in arms I and II. In case (b) a spin rotation by ±α is applied directly after the preparation of the initial state |ψ i . (iii) Postselection (yellow); a combination of a spin rotator and an analyzing supermirror is used to postselect the final spin state |ψ f (θ,φ) = cos(
) e iφ |S z ; − , followed by a count rate detection. In case (a) the pointer readout, i.e., tuning of the path state |ϕ O , being the two-level probe system P , is achieved by a rotating phase-shifter plate, inducing a relative phase χ between the path eigenstates |I and |II .
II. THEORY
The weak value of a Hermitian operatorÂ of the measured system S is determined via the following procedure involving three steps: (i) preparation of an initial quantum state |ψ i (preselection) of the system S; (ii) a weak coupling of this system with a probe system P , with initial pointer state |ϕ i , via a coupling HamiltonianĤ int . The interaction is supposed to be sufficiently weak, so that the system S is only minimally disturbed; and (iii) postselection of the final quantum state |ψ f , by performing a standard projective measurement of another observableB of the system S. Finally, a measurement on the probe system P is performed, usually referred to as pointer readout, yielding the weak value Â w defined as
In our neutron optical approach, the initial spin state is prepared in the preselected state
Inside the interferometer (IFM) the total wave function, consisting of spin and spatial parts of the neutron, is denoted as | IFM = |ψ |ϕ : the spatial wave functions are spanned by the path I and path II eigenstate basis and given by |ϕ ∈ {|I ,|II }.
A schematic illustration of the interferometric setup is depicted in Fig. 1(a) . After the first plate of the interferometer the total wave function, consisting of the system (spin) state and the pointer (path) state, is prepared in
where the initial pointer state of the probe system P , is given by
(|I + |II ). In each arm of the interferometer, a uniform magnetic field B parallel and antiparallel to +z is applied. The coupling of spin and path DOF is expressed by the interaction Hamiltonian
where μ is the neutron's magnetic moment andˆ I andˆ II are projection operators to paths I and II, given byˆ j = |j j |, with j = I,II, restricting the interaction to the arm j of the interferometer. The unitary evolution of the system due to this coupling leads to the state
which results from a rotation of the spin about the z axis, by the Larmor precession angle ±α, given by ±2μB z τ/ , with τ being the transit time of the neutron in the magnetic field region. Note that α effectively accounts for the measurement strength.
A. Strong measurement
We want to emphasize that in principle our apparatus could be used to carry out strong measurements by going beyond the weak regime. This can be achieved by setting α = π 2 (maximum measurement strength where orthogonal spin states in the two paths of the interferometer are created) and applying a relative phase shift χ = − π 2 , using a rotating phase-shifter plate. Then our apparatus exhibits a Stern-Gerlach-like way of functioning, where in the O detector only |S z ; + neutrons and in the H detector only |S z ; − neutrons are detected.
For a maximum strength measurement we set α = π/2:
Finally we add an additional phase of e −iπ/4 = (1 − i)/ √ 2 to path I and one of e iπ/4 = (1 + i)/ √ 2 to path II. This can be done by by using the rotating phase-shifter plate to induce a relative phase factor χ = −
Postselection on the forward (O)-beam and deviated (H)-beam, respectively, yields
Thus (up to an irrelevant phase factor) only |S z ; + neutrons are detected in the O detector and only |S z ; − neutrons in the H detector; our apparatus acts like a Stern-Gerlach-like device performing a strong measurement ofσ z . Alternatively-in the weak regime-one can also obtain the eigenvalue corresponding to the postselected state, when the postselected state is an eigenstate of the weakly measured observable, which can be seen in Fig. 4 , where for the postselected state |ψ f = |S z ; ± a value of ±1 is obtained. As a third method, for polar and azimuthal angles of the postselected spin state |ψ i given by θ = π 2 and φ = 0 the initial and final states coincide. Thus the weak value reduces to the expectation value S x ; +|σ z |S x ; + , which yields zero and is marked by the red arrow in Fig. 4(a) , top panel.
B. Weak measurement
For small α Eq. (5) can be expanded to first order as
After passing the phase-shifter plate, a tunable phase shift χ is acquired. By rotating the phase-shifter plate, χ can be tuned systematically due to the different relative path lengths in paths I and II.
Finally, the neutron leaves the interferometer where the partial spatial wave functions, representing the probe system P of the weak measurement, are recombined at the third plate of the interferometer. The combination of the phase shifter together with the third plate of the interferometer acts as a projector onto the state
(|I ± e iχ |II ) [38] . Afterwards the pointer state lies in the equatorial plane of the path's Bloch sphere. The path state's azimuthal angle is adjusted by the phase shift χ , selecting the appropriate pointer state (e.g., for χ = 0[ Next, the system S is postselected in the final spin state
with polar and azimuthal angles (θ,φ). This standard projective measurement projects the spin part of the quantum state from Eq. (11). Factorizing ψ f (θ,φ)|S x ; + , which will be written for simplicity as ψ f |ψ i given Eq. (2) and recombining, leads to
where (13) is the weak value
of the Pauli spin operatorσ z accounting for spin in the z direction. At this point, the remaining step is to extract the weak value from the probe system P . This can be done by evaluating the probe signals (observed intensities) in the O-and H-beams, at appropriate phase-shifter positions. So the purpose of the phase shifter is to tune the final pointer state of the probe system, before readout via a count rate detection. Equating the two terms between [· · · ] in Eq. (13) to the first terms of the series e iα σ z w /2 and e −iα σ z w /2 for small α, leads to the final probe wave function given by
For experimental convenience, only the O-beam (|ϕ O fin from Eq. (15) is used. Since the O-and H-beams are phase shifted by π , the phase shifter is used to induce an additional π phase shift instead of measuring the H-beam with spin analysis.
The intensities I (χ ) are calculated from the wave function given in Eq. (15) . Recalling that σ z w is a complex quantity, it is straightforward to compute the four intensities
{cosh(α Im σ z w ) + cos(α Re σ z w )}, (16a)
The real part and the modulus of the weak value ofσ z are determined from these four intensities. From intensities with phase shift χ = ± 
In the same manner, using I ±x ≡ I (0,[π ]) the modulus of the weak value ofσ z yields
The imaginary part of σ z w is determined directly by evaluating the expectation value of the operator (ˆ I −ˆ II ), occurring in the interaction HamiltonianĤ int . This means that the orthogonal path eigenstates |I and |II of the path two-level system (north and south poles of the Bloch sphere of the path system), have to be measured separately. Hence the recombination of the sub-beams at the last plate of the interferometer is omitted-consequently no interference will occur between the path states |I and |II . Experimentally this can be achieved by blocking the respective sub-beam, and therefore no interference effects will be observed. After a weak spin rotation of ±α, in paths |I and |II , respectively, the postselection for the final spin state is performed in the same manner as for the measurements of real and absolute values of σ z w . Thus the neutron optical setup can be considerably reduced. The actual setup used for determination of the imaginary part of σ z w is depicted in Fig. 1(b) . The intensities, observed in the P detector, for this modified setup are given by
From these intensities the imaginary part of the weak value of σ z is determined as
The above scheme allows one to directly extract the imaginary part of the weak value ofσ z by measuring the intensities of paths I and II separately. The intensities I ±x , I ±y , and I ±z can also be calculated analytically, by letting the coupling Hamiltonian
act on the systems total wave function from Eq. (3), which yields
(1 − cos θ sin α + cos α cos φ sin θ ),
Plugging the intensities from Eq. (22) into Eqs. (17) and (20), for small α, the weak value ofσ z gives
pre-and postselected states, given by |ψ i = |S x ; + and
It is instructive to draw an analogy between the present experimental scheme and optical experiments with photons [2] . While pre-and postselection are performed in a similar manner (with respect to the applied quantum system) there are also differences between the two schemes. (i) Weak interaction: In the conventional weak measurement the small polarization-dependent spatial separation of the ordinary and extraordinary beams is induced by a birefringent crystal. In contrast, we obtain a spin-dependent phase, accumulated by the individual path eigenstates of the path two-level system [see the state after the weak interaction in Eqs. (10)], which forms the probe system in our experiment. (ii) Pointer readout: Instead of measuring the transverse position (momentum), of an optical beam, we measure along the y[z] direction of the path's two-level system to determine the real (imaginary) part of the weak value.
III. EXPERIMENT
The experiment was carried out at the neutron interferometer instrument S18 at the high-flux reactor of the Institute Laue-Langevin (ILL) in Grenoble, France. The actual neutron optical experiment consists of the three stages mentioned before, which is illustrated in Fig. 1(a) , and is implemented in the following way: 2 beam cross section is polarized by a birefringent magnetic field prism in the +z direction. Owing to the angular separation at the deflection (a few seconds of arc for the parallel and antiparallel spin state), the interferometer is adjusted so that only the spin-up component fulfills the Bragg condition at the first interferometer plate (beam splitter). After passing the magnetic field prism, the neutrons enter a static magnetic guide field which points in the +z direction. This field covers the entire setup and prevents depolarization. Before the neutron beam enters the interferometer, the neutron's spin is rotated into the x direction by a π/2 spin turner. The spin turner consists of a dc coil which creates a magnetic field B y pointing in the y direction. In this region, the spin precesses about the y axis due to Larmor precession within the dc coil. B π/2 y is adjusted such that it induces a π/2 spin rotation, thereby preparing the initial spin state |ψ i = |S x ; + .
(ii) Weak interaction: Entering the interferometer, the initial state of the probe system is prepared by splitting the incident beam into two sub-beams. Behind the first plate of the interferometer, the neutron's spatial wave function is found in a coherent superposition of the two sub-beams belonging to path I and path II. Next, small spin rotations of ±α are introduced by local modification of the static guide field. This is achieved by small coils aligned in a Helmholtz configuration and placed in boxes which are completely flooded with temperature controlled water [37] . Each box is equipped with a tunnel so that the neutrons can pass the magnetic field region without touching any material along the beam path. As a result, the Larmor frequency is increased in path I and decreased in path II, leading to the different spin rotations of ±α in path I and path II, respectively. Before the two sub-beams are recombined at the third plate, an adjustable relative phase factor e ±iχ/2 is induced by a phase-shifter plate. The phase shift is given by χ = N ps b c λD with atom density N ps in the phase-shifter plate of thickness D, the coherent scattering length b c , and the neutron wavelength λ. By rotating the phase-shifter plate, χ can be tuned systematically due to the change of the relative optical path length in path I and path II.
(iii) Postselection: The spin is rotated by a polar angle θ inside a dc spin turner coil, with accordingly adjusted static magnetic field B θ y , which is mounted on a translation stage. Depending on the position T φ x of the translation stage, the azimuthal angle φ is tuned due to Larmor precession in the static magnetic guide field. The spin is finally selected by a spin-dependent reflection from a bent Co-Ti supermirror array. These apparatus allow for postselection of an arbitrary final spin state |ψ f (θ,φ) = cos(
iφ |S z ; − . The outgoing beam is measured using a 3 He detector, with efficiency over 99%. The real component and modulus of the weak value, σ z w , can be determined from the intensities I ±y and I ±x , with phase shifts χ = 0,π and χ = ± π 2 , as seen from Eqs. (17) and (18) . The values of I ±y and I ±x , indicated by the vertical dashed orange line plotted Fig. 2 , are determined from least-squares fits. In the experiment an average contrast of the interference patterns of ∼ 80% was achieved.
To determine the imaginary part of σ z w , the intensities I ±z (intensities of the individual beams in path I and path II) have to be measured. This is a rather curious experimental configuration since the intensity of each individual path has to be measured separately without interference effects. In principle this can be achieved by inserting a beam stopper in one of the paths of the interferometer which consequently blocks the respective sub-beam.
In practice, this experimental configuration was realized without use of the interferometer, since no interference effects between paths I and II are desired. The measurement was carried out at the polarimeter beam line of the Atominstitut-TU Wien, using the same beam parameters as in the ILL setup. A schematic illustration of the setup is depicted in Fig. 1(b) . After preparation of the initial spin state |ψ i , a weak spin rotation ±α is applied. Here the positive spin rotation accounts for rotation in path I and the negative rotation for path II. The postselection for the final spin state |ψ f (θ,φ) is performed in the same manner as in the measurement of the real part and modulus of the weak value of the Pauli spin operatorσ z . Finally, the successfully postselected neutrons are detected in the P detector yielding the count rates I ±z .
IV. RESULTS
For the readout of the probe system, the exact phase-shifter positions corresponding to the desired relative phase shifts χ are experimentally determined by a reference measurement where the weak spin rotations are not applied (i.e., α = 0). From the measurement with weak rotations (α = 15
• ), the count rates are recorded in the O detector. A typical interference pattern can be seen in Fig. 2(a) , where the interference pattern with a weak rotation is significantly shifted in comparison to the one where no spin manipulation is applied. In Fig. 2(b) the special case is plotted where pre-and postselected states coincide (|ψ i = |ψ f ). Here the maximal count rate is observed. In Fig. 2(c) the consequences of spin postselection is clearly visible: When the angle θ (angle between the pre-and postselected spin states) approaches π the count rate decreases (since for θ = π between preand postselected states are orthogonal). Typical intensity oscillations corresponding to paths I and II as a function of the polar angle of the postselected spin state, are plotted in Fig. 3 . From these intensity oscillations the imaginary part of the weak value of the Pauli spin operatorσ z is determined.
The final results of the weak value determination of the Pauli spin operatorσ z are plotted in Fig. 4 , together with the theoretical predictions of the weak value of the spin operator given by and φ = 0 the initial and final states coincide. Thus the weak value reduces to the expectation value S x ; +|σ z |S x ; + , which yields zero and is marked by the red arrow in Fig. 4(a) ) . For the determination of the modulus of the weak value, shown in Fig. 4 , the finite contrast of the interferometer had to be taken into account. In addition, a background subtraction was performed. For the real part of the weak value, it was not necessary to normalize the measurement data on the contrast, since the phase difference in the interferograms with and without weak rotation contain the main information here. Only the background was subtracted to obtain the values for the real part of the weak value. It should be stressed that the neutron is described in terms of matter waves which are solutions of the Schrödinger equation. No classical theory can describe these weak measurement results in contrast to the case of photon experiments.
V. DISCUSSION
Here we give a description of how the system evolves when the spin postselection is done before the probe system's final state is read out (as in the usual weak-measurement scheme [1] ). Note that in our experiment these two steps are exchanged (the sub-beams, with states |I and |II of the probe system, are recombined before spin postselection).
After postselection on an arbitrary spin state |ψ f (θ,φ) , as defined in Eq. (24), with polar angle θ and azimuthal angle φ, the final wave function is expressed as
the spin weak value σ z w thereby gets encoded in the path DOF of the interferometer, with the path eigenstates |I and |II acting as pointer states.
Here the real part of the weak value of the spin operator σ z acts as an additional phase in the wave function given in Eq. (26) , while the imaginary part affects the amplitudes. This leads naturally to the intuitive picture of the system states on the Bloch sphere of the path DOF [38] , which is depicted in Fig. 5 . Here the path DOF is described using the same notation for the spin, that is, |P z ; + ≡ |I and |P z ; − ≡ |II denoting the eigenstates of the path two-level system, spanning a twodimensional complex Hilbert space. Furthermore |P x ; ± ≡ 1 √ 2 (|I ± |II ) and |P y ; ± ≡ 1 √ 2 (|I ± i|II )is used for the states lying on the equatorial plane of the path's Bloch sphere. Re σ z w induces a rotation of the system's state around the z axis in the equatorial plane of the Bloch sphere. In contrast, Im σ z w tilts the state out of the equatorial plane towards the poles of the sphere. The modulus of the spin operators weak value is then a combination of both evolutions on the Bloch sphere, just as the modulus of a general complex number consists of a combination of its real and imaginary components.
This property of the weak value ofσ z can be quantitatively determined by measuring real and imaginary, as well as the modulus of the weak value ofσ z .
VI. SUMMARY AND OUTLOOK
In the present paper weak measurements are realized in a purely quantum mechanical system of massive particles. All aspects of the weak value of the neutron's Pauli spin operator σ z , i.e., its real component and the modulus, as well as the imaginary component, are experimentally determined. Our results are obtained with high accuracy from the raw data and are in good agreement with theoretical predictions. Furthermore, our results are an unambiguous quantum mechanical effect; no classical theory can describe the observed weak measurement results.
Our experimental scheme allows full determination of the weak value, which can be used to characterize the evolution of the neutron's wave function inside a interferometer, similar as to what is done with photons in a double-slit experiment [12] . As another extension a three-path interferometer will be utilized, allowing for experiments applying multipath interferometry [34, 44] . Finally, experiments addressing the three-box problem [17] , further studies of Hardy's paradox [20] , investigations of the Aharonov-Bergmann-Lebowitz probability [45] , as well as demonstration of the nonclassical nature of the correlations in the quantum pigeonhole effect [46] are foreseen.
